
Souvenir J: UMP Tests
Here are some familiar Uniformly Most Powerful (UMP) unbiased tests that 
fall out of the Λ criterion (letting µ be the mean):

(1) One-sided Normal test. Each Xi is NIID, N(µ, σ
2), with σ known:H0: µ < µ0

against H1: µ > µ0.

dðXÞ ¼ √nðX � μ0Þ=σ; RRðαÞ ¼ x: dðxÞ≥ cαg:f
Evaluating the Type I error probability requires the distribution of d(X) under
H0: d(X) ~ N(0,1).

Evaluating the Type II error probability (and power) requires the distribu-
tion of d(X) under H1[µ = µ1]:

d(X) ~ N(δ1,1), where δ1 = √n(µ1 − µ0) ⁄ σ.

(2) One-sided Student’s t test. EachXi is NIID, N(µ, σ
2), σ unknown:H0: µ ≤ µ0

against H1: µ > µ0:

dðXÞ ¼ √nðX � μ0Þ=s; RRðαÞ ¼ x: dðxÞ≥ cαg;f

s2 ¼ 1
n� 1ð Þ

� �X
ðXi � XÞ2:

Two-sided Normal test of the mean H0: µ = µ0 against H1: µ ≠ µ0:

dðXÞ ¼ √nðX � μ0Þ=s; RRðαÞ ¼ x: jdðxÞj≥ cαg:f
Evaluating the Type I error probability requires the distribution of d(X)

under H0: d(X) ~ St(n − 1), the Student’s t distribution with (n − 1) degrees of
freedom (df).

Evaluating the Type II error probability (and power) requires the distribu-
tion of d(X) under H1[µ = µ1]: d(X) ~ St(δ1, n − 1), where δ1=√n(µ1 − µ0)/σ is
the non-centrality parameter.

This is the UMP, unbiased test.

(3) The difference between two means (where it is assumed the variances are
equal):

H0: γ :¼ μ1 � μ2 ¼ γ0 against H1: γ1 ≠ γ0:
A Uniformly Most Powerful Unbiased (UMPU) test is defined by
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τðZÞ ¼ √n½ Xn � Yn
� �� γ0 �

s√2
;RR ¼ z: jτðzÞj≥ cα

n o
:

Under H0: τ Zð Þ ¼ √n ½ Xn � Yn
� �� γ0 �

s√2
~ St 2n�2ð Þ;

under H1½γ ¼ γ1�: τ Zð Þ~ St δ1; 2n�2ð Þ; δ1 ¼
√n γ1 � γ0
� �
σ√2

; for γ1 ≠ γ0:

Many excellent sources of types of tests exist, so I’ll stop with these.
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